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(RP2n−1, ξstd) IS NOT EXACTLY FILLABLE FOR n 6= 2
k
ZHENGYI ZHOU
Abstract. We prove that (RP2n−1, ξstd) is not exactly fillable for any n 6= 2
k and there exist strongly fillable
but not exactly fillable contact manifolds for all dimension ≥ 5.
1. Introduction
One fundamental principle in contact topology is the dichotomy between overtwisted and tight contact
structures discovered by Eliashberg [8]. The dichotomy was generalized to all higher dimensions recently
by Borman, Eliashberg, and Murphy [1]. The h-principle for overtwisted contact structures implies that
they are governed by their underlying formal data. On the other hand, the more mysterious tight contact
structures can be roughly categorized into the following classes based on their fillablity.
{Weinstein fillable} ⊆ {Exactly fillable} ⊆ {Strongly fillable} ⊆ {Weakly fillable} ⊆ {Tight}.
It is an interesting question to study differences between these classes. In dimension three, those inclusions
were shown to be proper by Bowden [3], Ghiggini [12], Eliashberg [10], Etnyre and Honda [11] respectively.
In higher dimensions, the first, third and fourth inclusions were shown to be proper by Bowden, Crowley,
and Stipsicz [4], Bowden, Gironella, and Moreno [5], Massot, Niederkru¨ger, and Wendl [15] respectively. See
also [20] for exactly fillable, almost Weinstein fillable, but not Weinstein fillable examples. The situation
in dimension three differs from higher dimensions in the sense that we have gauge theoretic tools as well
as better holomorphic curve theories, but also face more topological constraints. In higher dimensions, we
have fewer tools but more flexibility in constructions. The first, third and fourth inclusions can be studied
from more structured perspectives. The challenges in those cases are finding examples and executing the
machineries. On the other hand, it seems that we are poorly equipped to study the second inclusion in higher
dimensions. Fortunately, we have simple potential examples, i.e. real projective spaces with the standard
contact structure induced from the double cover. It was conjectured by Eliashberg [6, §1.9] that they are
not exactly fillable whenever the dimension is greater than 3. In this paper, we verify this conjecture for
most cases.
Theorem 1.1. For n 6= 2k, (RP2n−1, ξstd) is not exactly fillable.
Note that (RP2n−1, ξstd) admits a strong filling O(−2). The condition n ≥ 3 is necessary, since (RP
3, ξstd)
is exactly fillable by T ∗S2. The symplectic part of the proof in this paper only requires n ≥ 3, see Remark
2.9 for how our proof sees the exception when n = 2. The n 6= 2k condition is only used in the topological
argument in Proposition 2.2. Our proof also shows that (RP2n−1, ξstd), n 6= 2
k admits no symplectically
aspherical filling and no Calabi-Yau filling, see Remark 3.5.
Remark 1.2. The n = 3 case was also announced by Ghiggini and Niederkru¨ger using a different method.
Our strategy of proof can be divided into the symplectic part and the topological part as follows. (1)
Symplectic part: (RP2n−1, ξstd) has a very nice Reeb dynamics, moreover, the double cover is standard
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contact sphere. In the standard contact sphere, a short Reeb orbit will bound a rigid holomorphic curve
with a point constraint, which lives completely in the symplectization for a generic point or generic almost
complex structure. Such curve leads to that the map from positive symplectic cohomology to the cohomology
of the filling have 1+A in the image for A ∈ ⊕i≥1H
2i(W ;R). If the filling is exact, this shows that symplectic
cohomology vanishes. This is where exactness is used, for otherwise the quantum cohomology QH∗(W ) can
have zero divisor in the form of 1 + A for A ∈ ⊕i≥1H
2i(W ; Λ) (Λ is the Novikov field) and symplectic
cohomology does not vanish, see Remark 2.10 for more details and comparisons with Ritter’s results [17].
Then we argue that this is also the case for (RP2n−1, ξstd) for n ≥ 3. Moreover, we know exactly at which
stage 1 is killed, this allows us to use filtered positive symplectic cohomology to estimate the rank of the
cohomology of the filling. In particular, the cohomology of the filling can have at most two copies of Z
summand. (2) Topological part: arguing it is impossible to have an almost complex filling with such small
free part, the n 6= 2k condition is used to ensure the total Chern class of ξstd is not trivial.
Note that (RP2n−1, ξstd) can be viewed as the link of the quotient singularity C
n/Z2. Our method is
adaptable to other quotient singularities as well. We use (S2n−1/Zk, ξstd) to denote the link of C
n/Zk, where
Zk acts on C
n by multiplying e
2pii
k . Then we prove the following.
Theorem 1.3. Let p be an odd prime, assume n has the p-adic representation n =
∑k
i=0 aip
i. Then
(S2n−1/Zp, ξstd) has no exact filling if
∑k
i=0 ai > 6p− 3.
Note that when n = 2 case is again exactly fillable, see [9]. The threshold is by no means sharp, and the
p-adic information is very likely unnecessary. However, we will speculate in the proof that the symplectic
part works for n ≥ p + 1. Note that n = p is threshold for the quotient singularity to be canonical, or
admits a crepant resolution, and when n > p the singularity becomes terminal. As explained in [16], being
terminal is equivalent to have positive minimal SFT degree for some contact forms, which is closely related
to the concept of asymptotically dynamically convexity [14]1. In particular, the result here bears certain
similarity with [20]. However, we do not assume the exact filling to have any topological properties (e.g.
vanishing first Chern class and π1-injectivity) as in [20]. Our approach can be adapted to study more general
quotient singularity Cn/G. The relation between exact fillability and its algebro-geometric properties is an
interesting question, we wish to study it in the future.
Combing with the Z2 and Z3 quotient singularities, we will show that the second inclusion is proper for
all dimension ≥ 5, hence complete the question of proper inclusions for all dimension > 1.
Theorem 1.4. For every n ≥ 3, then there exists a 2n− 1 dimensional contact manifold which is strongly
fillable but not exactly fillable.
Acknowledgement. The author is supported by the National Science Foundation Grant No. DMS1638352.
It is a great pleasure to acknowledge the Institute for Advanced Study for its warm hospitality. The author
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2. Proof
In the following, the coefficient is Z if it is not specified. The contradiction leading to the proof of Theorem
1.1 is the following.
1The main difference between [16] and [14] lies in the treatment of non-contractible orbits, which play important roles in this
paper.
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Proposition 2.1. For n ≥ 3, if (RP2n−1, ξstd) has an exact filling W , then the following holds.
(1) If n is odd, then ⊕H∗(W ;R) = R.
(2) If n is even, then ⊕H∗(W ;R) = R or R ⊕ R, and in the later case, the cohomology is supported in
degree 0 and n.
We will first prove Theorem 1.1 assuming Proposition 2.1. First of all, we observe the following fact.
Proposition 2.2. Let W be a strong filling of (RP2n−1, ξstd) for n = 2
kp for odd p ≥ 3, then H2
k+1
(W )→
H2
k+1
(RP2n−1) = Z2 and H
2n−2k+1(W )→ H2n−2
k+1
(RP2n−1) = Z2 are both surjective.
Proof. Note that ci(W )|RP2n−1 = ci(ξstd). Therefore the claim follows from c2k(ξstd) and cn−2k(ξstd) are both
nonzero. We can compute the Chern classes from the standard filling O(−2) of (RP2n−1, ξstd). The total
Chern class of O(−2) is (1 + u)n(1 − 2u), where u is the generator of H2(O(−2)). By the Gysin exact
sequence, the restriction map Z = H2i(O(−2))→ H2i(RP2n−1) = Z2 is the mod 2 map. Using the fact that
(
∑
ai)
2 =
∑
a2i mod 2, we have
(1 + u)n(1− 2u) = (1 + u)p2
k
= (1 + pu+ . . .)2
k
= 1 + p2
k
u2
k
. . . mod 2.
That is c2k(O(−2)) is not zero in Z2 and by symmetry cn−2k(O(−2)) is also not zero in Z2. Then the claim
follows. 
Proof of Theorem 1.1. Assume (RP2n−1, ξstd) has an exact filling W and n = 2
kp for odd p ≥ 3. Then by
Proposition 2.1, H2
k+1−1(W ), H2
k+1
(W ), H2
k+1+1(W ), H2n−1−2
k+1
(W ), H2n−2
k+1
(W ), H2n+1−2
k+1
(W ) are
all torsions. By looking at the long exact sequence of (W,RP2n−1), we have the following,
0→ H2
k+1
(W,RP2n−1)→ H2
k+1
(W )→ Z2 → H
2k+1+1(W,RP2n−1)→ H2
k+1+1(W )→ 0,
0→ H2n−2
k+1
(W,RP2n−1)→ H2n−2
k+1
(W )→ Z2 → H
2n+1−2k+1(W,RP2n−1)→ H2n+1−2
k+1
(W )→ 0.
Then by Lefschetz duality and the universal coefficient theorem, we have
H2
k+1
(W,RP2n−1) ≃ H2n−2k+1(W ) ≃ H
2n+1−2k+1(W ),
H2
k+1+1(W,RP2n−1) ≃ H2n−1−2k+1(W ) ≃ H
2n−2k+1(W ),
H2n−2
k+1
(W,RP2n−1) ≃ H2k+1(W ) ≃ H
2k+1+1(W ),
H2n+1−2
k+1
(W,RP2n−1) ≃ H2k+1−1(W ) ≃ H
2k+1(W ).
Therefore the two long exact sequences become
0→ H2n+1−2
k+1
(W )→ H2
k+1
(W )→ Z2 → H
2n−2k+1(W )→ H2
k+1+1(W )→ 0,
0→ H2
k+1+1(W )→ H2n−2
k+1
(W )→ Z2 → H
2k+1(W )→ H2n+1−2
k+1
(W )→ 0.
By Proposition 2.2, H2
k+1
(W ) → Z2 and H
2n−2k+1(W ) → Z2 above are surjective. Then the long exact
sequences above imply that H2n−2
k+1
(W ) ≃ H2
k+1+1(W ) and H2
k+1
(W ) ≃ H2n+1−2
k+1
(W ). But we have a
contradiction, since all of them are torsions. 
The rest of the section is devoted to the proof of Proposition 2.1.
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2.1. Setup of symplectic cohomology. Note that (RP2n−1, ξstd) is equipped with the Boothby-Wang
contact form αstd such that the Reeb vector gives the Hopf fiberation, with periods of Reeb orbits are given
by N+. We can choose a C2-small perfect Morse function f . Let q0, . . . , qn−1 denote the critical points of f
ordered by their critical values. Let π : RP2n−1 → CPn−1 denote the projection, then r = 1+π∗f hyperspace
in the symplectization RP2n−1 × R+ gives a perturbed contact form αf , such that the following holds.
(1) There is a simple Reeb orbit γi, such that π(γi) = qi and the period of γi is 1 + iǫ for a fixed small
ǫ > 0.
(2) All Reeb orbits of period smaller than 2(1 + nǫ) are non-degenerate and is either γi or its double
cover γ2i .
Let p : S2n−1 → RP2n−1 denote the double cover. Then (S2n−1, p∗αf ) is the boundary of an ellipsoid and
all Reeb orbits of period smaller than 2(1+ nǫ) are the lifts γ2i . Among them, the lift of γ
2
0 has the minimal
period and minimal Conley-Zehnder index n+ 1.
Let W be an exact filling of (RP2n−1, αf ). We will set up our symplectic cohomology following [20]
combined with the autonomous setting in [2]. We refer to them as well as references therein for details of
symplectic cohomology. In particular, we will use Hamiltonians and almost complex structures satisfies the
following.
(1) H = 0 on W and H = h(r) on ∂W × (1,∞) with h′′(r) > 0 and h′(r) = a for r ≫ 0. We will be
only interested in the case a ∈ (0, 2(1 + nǫ)) and is not the period of a Reeb orbit. The class of
Hamiltonian with slope a is denoted as Ha. If h
′(r) = a for r ≥ 1 + w, we will call w the width of
the Hamiltonian H.
(2) The almost complex structure Jt is independent of t on W ∪∂W ×(1, r0], where h
′(r0) = 1+(n−1)ǫ.
Jt is compatible with symplectic structure and is cylindrical convex near every r such that h
′(r) is
the period of a Reeb orbit, i.e. Jξ = ξ and J(r∂r) = Rαf . This guarantees the integrated maximum
principle can be applied to obtain compactness of moduli spaces, see [20, Lemma 2.5] for details.
We also fix a Morse function g on W , such that ∂rg > 0 on ∂W and g has a unique minimum. We use γ
to denote the S1 family Hamiltonian orbits corresponding to γ. Then we pick two different generic points
γˆ and γˇ on im γ, this is equivalent to choosing a Morse function with one minimum and one maximum on
im γ in [2, §3]. By [2, Lemma 3.4], the Morse function can be used to perturb the Hamiltonian H to get two
non-degenerate orbits from γ, which are often denoted by γˆ and γˇ in literatures with µCZ(γˆ) = µCZ(γ) + 1
and µCZ(γˇ) = µCZ(γ).
Then we have a Floer cochain complex C(H), which is a free R-module generated by critical points of
g with Morse index as grading, and two generators γˆ, γˇ for each Reeb orbit γ of period smaller than a,
with Z2 gradings n− µCZ(γ) − 1 and n− µCZ(γ). The differential is defined by counting rigid cascades [2,
(35)]. Moreover, we have a subcomplex (C0(H), d0), which is the Morse cochain complex of g and a quotient
complex (C+(H), d+) generated by the generators from Reeb orbits. The differential on C(H) also have a
connecting part d+,0 : C+(H)→ C0(H). We can achieve transversality using our almost complex structure,
because on r ≤ r0 all orbits are simple. The differential can be described in a pictorial way as follows.
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u1
u2
∇g
u1
u2
Figure 1. d+ and d+,0 from 2 level cascades
(1) The horizontal arrow without ∇g is flowing in im γ towards γˇ.
(2) u is a solution to the Floer equation ∂su+ J(∂tu−XH) = 0 module R translation.
(3) Every intersection points of line with surface satisfies the obvious matching condition.
Our symplectic action is the cohomological convention
A(γ) = −
∫
γ
λ+
∫
γ
H,
where λ is a Liouville form such that λ|∂W = αf . Our convention for XH is dλ(·,XH) = dH. Since for any
non-trivial solution u solving ∂su+ J(∂tu −XH) = 0, we have A(u(∞)) < A(u(−∞)). Hence if u(∞) ∈ γ
and u(−∞) ∈ β, then the period of γ is lager than the period of β.
Remark 2.3. To define the Conley-Zehnder index, we need to choose a trivialization of det ξ. In our case,
c1(ξstd) is not necessarily 0 in H
2(RP2n−1), therefore, we may not be able to trivialize det ξstd globally.
But the parity of Conley-Zehnder index is well-defined, and we can compute them using the standard filling
O(−2). In particular, all check generators have odd grading. As another important ingredient to our proof,
any holomorphic curve in the symplectization RP2n−1 × R+ has a well-defined index depending only on its
asymptotics. This is because c1(ξstd) is torsion (which is called numerically Q-Gorenstein in the context of
singularity theory [16]). When we use the trivialization induced the obvious disk bounded by γi and γ
2
i in
O(−2), then the SFT grading is given by
µCZ(γi) + n− 3 = 2i, µCZ(γ
2
i ) + n− 3 = 2i+ 2.
Since the disk in O(−2) bounded by γ20 is differed from the contraction of γ
2
0 in RP
2n−1 by a generator A of
H2(O(−2)). Therefore if we use the trivialization induced by the contraction, we have µCZ(γ
2
0) + n − 3 =
2c1(A) + 2 = 2n − 2, i.e. µCZ(γ
2
0) = n+ 1 which is same as the Conley-Zehnder index of the shortest Reeb
orbits on an ellipsoid.
Moreover, in side Ha, we have a partial order given by increasing homotopies. Every increasing homotopy
induces a continuation map, which also preserves the splitting into C0 and C+. Therefore we can define the
filtered symplectic cohomology as follows,
SH∗,≤a(W ;R) = lim
−→
H∈Ha
H∗(C(H)), SH∗,≤a+ (W ;R) = lim−→
H∈Ha
H∗(C+(H)).
And we have a tautological long exact sequence (or circle, since they are only Z2 graded in general),
. . .→ H∗(W ;R)→ SH∗,≤a(W ;R)→ SH∗,≤a+ (W ;R)→ H
∗+1(W ;R)→ . . . . (2.1)
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The continuation maps also gives ιa,b : SH
≤a(W ;R) → SH≤b(W ;R) for a ≤ b, similarly for the positive
symplectic cohomology, and they are compatible with tautological long exact sequence.
Due to the fact αf is a small perturbation of the Morse-Bott contact form αstd, the Morse-Bott spectral
sequence [18, (3.2)] tells us the following.
(1) SH≤a+ (W ;R) ≃ R⊕R ≃ H
∗(RP2n−1;R) for 1 + (n− 1)ǫ < a < 2, and is generated by γˇ0 and γˆn−1.
(2) For 2 < a < 2 + 2ǫ, SH≤a+ (W ;R) can be computed by a spectral sequence, whose first page is
⊕4R, represented by γˇ0, γˆn−1, γˇ
2
0 , γˆ
2
0 . Moreover, on the spectral sequence level, SH
≤a
+ (W ;R) →
SH
≤2(1+nǫ)
+ (W ;R), only γˇ0, γˆn−1, γˇ
2
0 survive in the first page.
The one last piece of structures we need is the pair of pants product, which on filtered symplectic cohomology,
we have the following map, e.g. see [13],
∪ : SH≤a(W ;R)⊗ SH≤b(W ;R)→ SH≤a+b(W ;R).
And we have the following.
Proposition 2.4. If 1 +A is mapped to zero in ι0,a : H
∗(W ;R)→ SH∗,≤a(W ;R) for A ∈ ⊕i>0H
2i(W ;R),
then H∗(W ;R)→ SH∗,≤a(W ;R) is zero and SH∗,≤a+ (W ;R)→ H
∗+1(W ;R) is surjective.
Proof. We have the following commutative diagram
H∗(W ;R)⊗H∗(W ;R)
id⊗ι0,a
//

H∗(W ;R)⊗ SH≤a(W ;R)
∪
// SH≤a(W ;R)

H∗(W ;R)⊗H∗(W ;R)
∪
// H∗(W ;R)
ι0,a
// SH≤a(W ;R)
The claim follows from that 1 +A is a unit in H∗(W ;R). 
2.2. Vanishing of symplectic cohomology. The key ingredient in our proof is that γˇ20 kills the sym-
plectic cohomology as it does for the double cover whenever n ≥ 3. To show this we will study the map
SH∗,≤2+ǫ+ (W )→ H
∗+1(W )
projection
−→ H0(W ), in particular, we are interested the if 1 is in the image, i.e. we
are interested in the contribution d+,0(γˇ
2
0) to the minimum of g. By our setup of symplectic cohomology,
one part of the contribution is the counting of the following moduli space (i.e. 1 level cascades).
M(γˇ20 , q) := {u : C→ Ŵ |∂su+ J(∂tu−XH) = 0, u(∞) ∈ γ
2
0, lims→∞
u(0, s) = γˇ20 , u(0) = q}/R, (2.2)
where q is a fixed point inside W , which is the unique minimum of the Morse function g. We can choose q
to be arbitrarily close to ∂W . We will perform a neck stretching along Y1 ⊂ W , which is a slight push-in
along the −r direction and strictly contactomorphic to (RP2n−1, (1 − δ)αf ) for δ small. We may assume q
is outside Y1. We refer readers to [20, §3.2] for the precise setup of neck-stretching in such case.
Proposition 2.5. For sufficient stretched generic almost complex structure J , we have the algebraic count
of M(γˇ20 , q) is 2 and 〈 d+,0(γˇ
2
0), q 〉 = 2.
Proof. We first consider the configuration in the fully stretched situation, i.e. curves in the symplectization
(Y1 × R+,d(r(1− δ)αf )) of Y1 as follows,
{u : C→ Y1 × R+|∂su+ J(∂tu−XH) = 0, u(∞) ∈ γ
2
0, lims→∞
u(0, s) = γˇ20 , u(0) = q}/R (2.3)
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We first argue that it is compact for generic J . Let ω˜ denote (1 − δ)dαf on Y1 × (0, 1) and the actual
symplectic form ω on Y1 × (1,∞) from the symplectization. Since H = 0 and Jξ = ξ and is compilable
with dαf on ξ on Y1 × (0, 1), then for any u solving the Floer equation in (2.3) but possibly with negative
punctures asymptotic to Reeb orbits on Y1, we have ω˜(∂su, ∂tu−XH) ≥ 0. The integration of it implies the
following,
2r − h(r)︸ ︷︷ ︸
negative symplectic
action of γ20
−
∑
γ∈Γ
(1− δ)
∫
γ
αf
︸ ︷︷ ︸
contact action of Γ
≥ 0, (2.4)
where h′(r) = 2 and Γ is set of negative asymptotic Reeb orbits of αf . Therefore if we choose H to have
arbitrarily small width (those Hamiltonians are cofinal in Ha) and δ arbitrarily small, the above shows that
the curve must decrease the total contact action
∫
γ αf up to an arbitrarily small error 2(r − 1) − h(r) +
δ
∑
γ∈Γ
∫
γ αf . The virtual dimension of the moduli space of curves solving (2.3) with negative punctures
asymptotic asymptotic to Reeb orbits in Γ is the following
µCZ(γˇ
2
0)− n− 1︸ ︷︷ ︸
virtual dimension of (2.3)
−
∑
γ∈Γ
(µCZ(γ) + n− 3) = (µCZ(γˇ
2
0) + n− 3)−
∑
γ∈Γ
(µCZ(γ) + n− 3) + 2− 2n.
We have to make sure the Conley-Zehnder index are computed using compatible trivializations. By action
reason explained above and homology class of the Reeb orbits, we know the only SFT building breaking
configurations that we can have two more negative punctures both asymptotic to γ0 or one negative puncture
asymptotic to γ20 . Since c1(ξstd) is torsion and the trivializations from the obvious disk in O(−2) are
compatible (see Remark 2.3), hence the virtual dimensions are well-defined and they are 4 − 2n < 0,
2− 2n < 0 respectively. That is such configuration will not appear for generic J . We also need to rule out
multiple level cascades in order to prove the compactness of M(γˇ20 , q). Suppose we have a multiple level
cascades, since each curve increases symplectic action, then the negative cylindrical ends of the first level is
asymptotic to an orbit in γi for some i. If we apply neck-stretching, since γ
2
0 and γi are in different homology
class, we must have an extra negative puncture in the limit. Then by the action reason above, we must have
i = 0 for sufficient stretched J . That is we have a map u : C→ Ŵ with ∂su+J(∂tu−XH) = 0 and u(∞) ∈ γ0
and u(0) = q. Then in the full neck stretching, by action and homology class reason, we end up a map with
an extra negative puncture asymptotic to γ0. Then the virtual dimension of such map is 2 − 2n + 1 (since
we have no point constraint on lims→∞ u(0, s)), which is negative. This proves compactness for sufficiently
stretched J and 〈 d+,0(γˇ
2
0), q 〉 has no multiple level cascades contribution. Since our almost complex structure
is allowed to be S1-dependent near γ20, we can assume the transversality for our moduli space. However,
each curve can be lifted to the double cover using the almost complex structure p∗Jt on S
2n−1 × R+, since
C is simply connected. Each curve on RP2n−1 can be lifted to two curves depending on the lift of q with
the same sign. The reason that two lifts are of the same sign is because their orientations are related by
the Z2 action, and the Z2 action on S
2n−1 × R+ preserves orientation of the manifold and the orientation
line of the orbit (which is a consequence of γ20 is a good orbit, the whole S
1 action preserves the orientation
line). Every curve in S2n−1×R+ satisfying the lifted equation such that p(lims→∞ u(0, s)) = γˇ
2
0 , p(u(0)) = q
can be projected to a curve in RP2n−1 × R+. We claim those curves are all cut out transversely. This is
because the moduli spaces on both side has virtual dimension 0, and it is clear that a non-zero vector in the
kernel of the linearized perturbed Cauchy-Riemann operator upstairs projects down to a non-zero vector in
the kernel in the downstairs. Then following [20], we know the algebraic count for curves upstairs is 1 with
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fixed point constraints, which is the reason SH∗(Cn;Z) = 0. Since we can freely choose lift of q and γˇ20 . We
know the algebraic count of (2.3) is 4/2 = 2. 
Remark 2.6. Here we use n ≥ 3 to rule out the other potential configuration from neck-stretching. However
this is just a convenient argument and it is not the reason our proof breaks down when n = 2. In fact, if we
use a pure symplectic field theory setup, then the curve is necessarily a double cover of a trivial cylinder, that
lives over the critical point q0. Then we chose q such that π(q) 6= q0, then there is no such configuration.
Proposition 2.7. For n ≥ 3 and sufficient stretched almost complex structure, we have 〈 d+,0γˇ1, q 〉 = 0.
Proof. By the same argument as before, there is no contribution from multiple level cascades. Since p is
outside Y1, and γ1 is not contractible in RP
2n−1. We know that in the fully stretched configuration, we must
have break into holomorphic buildings. And by action reasons the top one must be curve u : C\{z0} →
RP2n−1 × R+ such that
∂su+ J(∂tu−XH) = 0, u(∞) ∈ γ1, lims→∞
u(0, s) = γˇ1, u(0) = q, lim
z→z0
u(z) = (0, γ0/1).
Using (2.4) and the trivializations from the disks in O(−2) which are compatible for our moduli space, we
have the moduli space of the above curve has a well-defined virtual dimension 4 − 2n for γ0 puncture and
2− 2n for γ1 puncture. Then for n ≥ 3, we can assume the configuration is empty. 
Proposition 2.8. If W is an exact filling of (RP2n−1, ξstd) for n ≥ 3, then SH
≤2+ǫ
+ (W ) → H
∗(W ) is
surjective.
Proof. In view of Proposition 2.4, it is sufficient to prove that there is a class 1 + A ∈ Heven(W ;R) for
A ∈ ⊕2i>0H
2i(W ;R) is mapped to zero in SH2+ǫ(W ;R). We consider the generator γˇ20 , it is not necessarily
a closed class in the positive cochain (C+, d+). However, we claim that d+(γˇ
2
0) can only have nonzero
components in γˆ0 for a sufficiently stretched J . Again by action and homology reason reason, the only
possible configuration after the neck-stretching is with negative end asymptotic to either γˇ0 or γˆ0 and one
negative puncture asymptotic to γ0. Since µCZ(γˇ0) and µCZ(γˇ
2
0) has the same parity. Then we have the
only contribution is to γˆ0.
2. We claim that d+(γˇ1) = 2γˆ0. By the arguments in [2], for f sufficiently small,
we have d+(γˇ1) can be identified with cascades differential for Morse-Bott symplectic chain complex used in
[7, §3]. Moreover, all the relevant orbits are from the lowest period in the Morse-Bott contact form, so the
differential is reduced to the Morse differential, which is computed in [7, Lemma 9.4] that d+(γˇ1) = 2γˆ0 in
the case of RP2n−1. Assume d+(γˇ
2
0) = kγˆ0, then γˇ
2
0 −
k
2 γˇ1 is closed in the positive cochain complex. Then by
Proposition 2.5 and Proposition 2.7, we have SH∗,≤2+ǫ(W ;R)→ H∗+1(W )
projection
−→ H0(W ) = R is nonzero.
Then we have 1 +A is in the image of SH∗,≤2+ǫ+ (W ;R)→ H
∗+1(W ) for some A ∈ ⊕i>0H
2i(W ;R) since we
only have a Z2 grading. Therefore in the tautological exact sequence (2.1), we have 1+A is mapped to zero
in SH∗,≤2+ǫ(W ;R). 
Remark 2.9. The reason that our proof does not work for n = 2 is because Proposition 2.7 does not hold
for n = 2. Indeed, for the fully stretched almost complex structure, the algebraic count of the top curve is 1.
Hence the contribution Mγˇ1,p is reduced to the augmentation to γ0. Then we can discuss the following two
cases,
(1) When W is the exact filling T ∗S2, then the augmentation is 2. One can see it from the completion of
T ∗S2 into S2×S2. Moreover, one can show that d+(γˇ
2
0) = 2γˆ0 by the neck-stretching argument plus
2It indeed contributes to the differential in any case there are rigid holomorphic plane bounded by γ0 in W , see Remark 2.9
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augmentation. Then one see that 1 is not killed as least in SH≤2+ǫ(W ;R). The full computation in
this spirit was carried out in [7].
(2) When W is the strong filling O(−2), then the augmentation is t−1, where t is the formal variable of
degree 0 to keep track of the intersection with divisor CP1 in the Novikov field. Then d+(γˇ
2
0) = t
−1γˆ0.
As a consequence γˇ20−
t−1
2 γˆ1 is closed in the positive symplectic cohomology and is mapped to 2−
t−2
2 .
Then SH∗(W ; Λ) = 0, this coincides with the result in [17].
Remark 2.10. Ritter [17] showed that for n ≥ 3, SH∗(O(−2)) = Λ[ω]/(ωn−2 − 4t), where t is the for-
mal variable3 in the Novikov field Λ and ω is the generator of H2(CPn−1;R). While the quantum coho-
mology QH∗(O(−2)) = Λ[ω]/(ωn − 4tω2). Therefore the positive symplectic cohomology is the quotient
QH∗(O(−2))/SH∗(O(−2)), which can be viewed as generated by ωn−1 − 4tω and ωn−2 − 4t. In the Morse-
Bott spectral sequence, the formal is represented by multiples of γˇ0 and the later is represented by multiples
of γˇ20 . Moreover, ω
n−2−4t projected to H0(W ; Λ) is indeed a unit in Λ. However, ωn−2−4t is a zero divisor
in the quantum cohomology, hence it does not lead to the vanishing of symplectic homology.
Proof of Proposition 2.1. By the Morse-Bott spectral sequence discussed in (1) and (2), we know that
SH≤2+ǫ+ (W ;R) has rank at most 4. However, the class γˆ
2
0 can not map to any class in H
∗(W ;R) since
it is killed when we increase the upper bound in the filtered positive symplectic cohomology. On the other
hand, the class represented by γˆn−1 can not map to any class in H
∗(W ), since we have S1 equivariant
transversality for this simple orbit. And a configuration from a hat generator to a critical point generator is
never rigid. Therefore, we have
∑
dimH∗(W ;R) ≤ 2 and is supported in even degrees because both γˇ0 and
γˇ20 are in odd degrees. We claim it is only possible for H
n(W ;R) to be nonzero. For otherwise, if we have
H2k(W ;R) = R for 0 < 2k 6= n, then H2k(W ) contains a Z summand. Then from the long exact sequence,
we know that H2k(W,RP2n−1) also contains Z summand. Therefore, by Lefschetz duality and the universal
coefficient theorem, we have H2n−2k(W ) also has a Z summand, which contradicts that the total rank is
2. 
3. Generalizations
In this section, we prove Theorem 1.3 using the same argument. The threshold is not optimal. The upshot
is for n > k, the cohomology of any exact filling of (S2n−1/Zk, ξstd) will have bounded free part, which will
lead to a contradiction.
Proposition 3.1. LetW be an exact filling of (S2n−1/Zk, ξstd) for n > k, then we have
∑
i∈N dimH
2i(W ;R) ≤
k and
∑
i∈N dimH
2i+1(W ;R) ≤ k − 2. Moreover, H2n−i(W ;R) = H i(W ;R) for every 0 < i < 2n.
Proof. As before, we perturb the standard Boothby-Wang contact form to αf using a C
2-small perfect Morse
function f on CPn−1, such that the following holds.
(1) Reeb orbits of period smaller than k+1 are γji for 0 ≤ i ≤ n−1, 1 ≤ j ≤ k, where γ
j
i is the j-multiple
cover γi and γi is project to the ith critical point qi of f .
(2) The period of γj is 1 + ǫj .
(3) ǫj <
ǫj+1
k and ǫj ≪ 1.
The third condition implies that the period of γij is smaller than the period of γj+1 plus i− 1.
3The t in [17] is different from the t in Remark 2.9, in the sense that t in this remark is from generator of H2(CP
n−1), which
intersects CPn−1 n− 3 times. Then it is easy to see their equivalence.
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We first claim that for sufficient stretched almost complex structure, we have #M(γˇk0 , q) = k. The proof is
similar to Proposition 2.5, we only need to verify the compactness for fully stretched moduli space for n > k.
Again by action and homology reason, the potential breaking are those with negative punctures γk10 , . . . , γ
kj
0
for
∑
ki = k. But the expected dimension of this moduli space (with point constraint) is 2j − 2n < 0. The
proof of no contribution from multiple level cascades is same as before. Hence 〈 d+,0(γˇ
k
0 ), q 〉 = k.
Then using similar neck-stretching argument as in Proposition 2.8, we have that d+(γˇ
k
0 ) =
∑k−1
i=1 biγˆ
i
0 by
parity and action reasons. Moreover, we have
d+(γˇ
i
j) = kγˆ
i
j−1 +
∑
m<i,l≤j
am,lγˆ
m
l .
The first term follows from [7, Lemma 9.4]. By parity, the differential must send check generator to hat
generator. Then after stretching the moduli space of differential from γˇij to γˆ
m
l , our requirement on ǫj implies
that l ≤ j by action reasons. Hence the claim follows. Then we have,
d+(γˇ
k
0 +
k−1∑
i=1
k−1−i∑
j=0
ci,j γˇ
i
j) = 0. (3.1)
We also need to argue that 〈 d+,0(γˇ
i
j), q 〉 = 0 for i+ j ≤ k− 1. In the fully stretched situation, the maximal
virtual dimension of the top level is from the curve with i negative punctures asymptotic to γ0 with virtual
dimension is at most 2i+ 2j + 2− 2n ≤ 2(k − 1) + 2− 2n = 2k − 2n < 0 (This is where n > k is key.). The
situation for multiple level cascades is similar, i.e. there are components of negative dimension in the fully
stretched case. Then we know the closed cochain γˇk0 +
∑k−1
i=1
∑k−1−i
j=0 ci,j γˇ
i
j is mapped to k in H
0(∂W ).
As a result, we have SH∗,≤k+ǫ1+ (W ;R) → H
∗+1(W ;R) is surjective. The first page of the Morse-Bott
spectral sequence is generated by γˇ0, γˆn−1, γˇ0
2, γˇ2n−1, . . . , γˇ
k
0 and γˆ
k
0 . We have SH
∗,≤k+ǫ
+ (W ;R) has rank at
most 2k. However the S1 equivariant transversality for γˆn−1 imply it does not map to H
∗(W ) and also γˆk0
does not contribute to H∗(W ) by the same reason as the RP2n−1 case. Then the claim follows from that
all check orbit has odd grading and hat orbit has even grading. The last part is a consequence of Lefschetz
duality and universal coefficient theorem. 
Proposition 3.2. Let p be an odd prime, then for any strong filling W of (S2n−1/Zp, ξstd), we have
H2i(W ) → H2i(S2n−1/Zp) = Zp is surjective if 0 < i < n and in p-adic representation, i is digit-wise
no larger than n.
Proof. The proof is similar to Proposition 2.2. We first compute the Chern classes of ξstd using the standard
filling O(−p). The total Chern number of O(−p) is (1 + u)n(1 − pu). We write n in p-adic as
∑k
i=0 aip
i.
Then using the fact (
∑
ai)
p =
∑
api mod p and
(m
l
)
6= 0 mod p whenever 0 ≤ l ≤ m < p. We have the
following
(1 + u)n(1− pu) = (1 + u)n =
k∏
i=1
(1 + up
i
)ai =
k∏
i=1
(1 +
aj∑
j=1
ci,ju
pij) mod p,
for ci,j 6= 0 mod p. In other words, the ith Chern class of O(−p) mod p is nonzero iff in p-adic representation,
i is digit-wise no larger than n. By the Gysin sequence, we know H2i(O(−p))→ H2i(S2n−1/Zp) = Zp is the
mod p map and ci(O(−2))|S2n−1/Zp = ci(ξstd). Therefore we have ci(ξstd) 6= 0. Since for any strong filling
W , we have ci(W )|S2n−1/Zp = ci(ξstd), the claim follows. 
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Proof of Theorem 1.3. Let I be the set of i satisfies the property in Proposition 3.2, a basic observation is that
if i ∈ I then n−i ∈ I. It is clear that |I| =
∑
ai−2. Then I 1
2
:= I∩(0, n2 ) has at least
1
2
∑
ai−2 element. Note
that if
∑
ai > 6p−3, then n > p. Then we can apply Proposition 3.1 to get that
∑
0≤2i<n dimH
2i(W ;R) is at
most p−12 and
∑
0≤2i+1<n dimH
2i+1(W ;R) is at most p−32 . Then if
1
2
∑
ai−2 ≥ p−3+
p−1
2 , i.e.
∑
ai > 6p−3,
we have i ∈ I 1
2
, such that H2i−1(W ),H2i(W ),H2i+1(W ),H2n−2i−1(W ),H2n−2i(W ),H2n−2i+1(W ) are all
torsions. Then the Lefschetz duality and universal coefficient theorem implies that
0→ H2n−2i+1(W )→ H2i(W )→ Zp → H
2n−2i(W )→ H2i+1(W )→ 0,
0→ H2i+1(W )→ H2n−2i(W )→ Zp → H
2i(W )→ H2n−2i+1(W )→ 0,
But since i, n− i ∈ I, we have H2i(W )→ Zp and H
2n−2i(W )→ Zp above are both surjective by Proposition
3.2. Then H2n−2i(W ) → H2i+1(W ) and H2i(W ) → H2n−2i+1(W ) must be isomorphisms. Combining that
they are all torsions, we arrive at a contradiction. 
Remark 3.3. If one uses the polyfold technique in [19] to achieve S1-equivariant transversality. We can
bring the rank of H∗(W ;R) down to k, since those hat orbits will not contribute to H∗(W ;R) as in the
proof of Proposition 2.1. Observe that the check orbit will be mapped to even degree cohomology of W . Then
we can improve Theorem 1.3 by a factor. It is interesting to note that n ≥ k + 1 in Proposition 3.1 is
the threshold for Cn/Zk to be a terminal singularity. By [16], the terminality of a singularity is equivalent
to that the link has a contact form with positive SFT degrees4. The key observation in this paper is that
SH∗+(W )→ H
∗+1(Y ) contains 1 in the image for imaginary exact filling W , which bears a lot similarity with
results in [20]. In view of Ritter results [17], SH∗+(O(k); Λ) → H
∗+1(Y ; Λ) is very likely to be isomorphic to
the imaginary SH∗+(W ; Λ) → H
∗+1(Y ; Λ). The invariance phenomenon here has gone beyond those in [20]
as we have multiple augmentations. On the other hand, when n ≤ k, as we seen from the n = k = 2 case, the
map from positive symplectic cohomology to the cohomology of boundary depends on the filling. For higher
n ≤ k examples, although we do not know if there are more fillings, but there are algebraic augmentations
which would change whether 1 is in the image of from linearized non-equivariant contact homology to the
cohomology of the boundary. The n = k case is indeed the limit of our method, as our symplectic part
does not differentiate exact fillings with Calabi-Yau fillings (see Remark 3.5) and Cn/Zn indeed carries a
Calabi-Yau filling with the right rank of cohomology.
As a corollary of the proofs, we have the following.
Corollary 3.4. Let W be any strong filling of the contact manifolds in Theorem 1.1 and 1.3, then the
quantum cohomology QH∗(W ; Λ) has a zero divisor in the form of 1 +A for A ∈ ⊕i>0H
2i(W ; Λ).
Remark 3.5. Note that the exactness is used to show 1 +A is a unit in H∗(W ) for A ∈ ⊕2i>0H
2i(W ;R).
However, this property also holds for symplectically aspherical filling or fillings with undeformed quantum
cohomology. Moreover, if the filling is Calabi-Yau, i.e. c1(W ) = 0, then we have a Z grading and A is
necessarily 0. In other words, our proof shows that contact manifolds in Theorem 1.1 and 1.3 do not have
symplectically aspherical or Calabi-Yau fillings.
Combing with Z2 and Z3 quotient singularities, we can prove Theorem 1.4.
4It is a weaker notation than asymptotically dynamically convexity considered in [14], since non-contractible orbits are also
considered in [16].
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Proof of Theorem 1.4. In view of Theorem 1.1, we only need to prove for n = 2k ≥ 4. In this case, we will use
(S2n−1/Z3, ξstd). By Proposition 3.1, we know that 1 ≤
∑
i∈N dimH
2i(W ;R) ≤ 3 and
∑
i∈N dimH
2i+1(W ;R) =
0. If H2(W ;R) 6= R, then we know H1(W ),H2(W ),H3(W ),H2n−1(W ),H2n−2(W ),H2n−3(W ) are all tor-
sions. Moreover by Proposition 3.2, we have H2(W )→ H2(S2n−1/Z3) and H
2n−2(W )→ H2n−2(S2n−1/Z3)
are surjective. Then we arrive at a contradiction by the same argument in Theorem 1.4. In the case of
dimH2(W ;R) ≥ 1, we must have Hn(W ;R) = 0 with n = 2k even, then we have long exact sequence
0→ Hn(W,S2n−1/Z3)→ H
n(W )→ Z3 → H
n+1(W,S2n−1/Z3)→ H
n+1(W )→ 0,
Since Hn−1(W ),Hn(W ),Hn+1(W ) are all torsions, then the Lefschetz duality and the universal coefficient
theorem imply that Hn(W,S2n−1/Z3) ≃ H
n+1(W ) and Hn+1(W,S2n−1/Z3) ≃ H
n(W ). The long exact
sequence then becomes
0→ Hn+1(W )→ Hn(W )→ Z3 → H
n(W )→ Hn+1(W )→ 0.
which will contradict that they are all torsions. 
Inspired by Remark 3.3, we end this paper with the following conjecture.
Conjecture 3.6. If the isolated quotient singularity Cn/G for finite nontrivial G ∈ U(n) is terminal, then
the link of the singularity does not have symplectically aspherical fillings or Calabi-Yau fillings.
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